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Three-to-One Resonances Near the Equilateral Libration Points
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Aerotherm Corporation, Mountain View, Calif.

AND
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Stanford Unwversity, Stanford, Calif.

The nonlinear stability of the triangular points (L and L;) in the restricted problem of three
bodies is investigated using second-order expansions. The analysis is carried out for all val-
ues of y near u3 using Lie transforms and the method of multiple scales. The results of the
two methods are in full agreement with each other. Equations are derived for the time vari-
ation of the amplitudes 4; and 4, and the phases 3; and 3; of the two modes of oscillation. For
each value of y near u;, the family of long period orbits is given by a curve I in the lAgl — lAll
plane. At u3, I' = I's consists of the straightline, 4, = 0.181 IAII and all long period orbits
are unstable. For y = u; + € with € a small positive number, I' consists of a smooth branch
that intersects the ]All axis at the origin and tends to I'; as ¢ - 0. For u = uz — ¢, on the
other hand, I" consists of two branches intersecting the |A1| axis at a point different from the
origin. As ¢ — 0, the branch near the origin collapses while the other branch tends to I';.
Except at u3, a cut-off value for [A1| exists above which long period orbits are unstable and be-

low which they are stable.

1. Introduction

N the two-dimensional restricted problem of three bodies,
two of the three bodies have finite masses (primaries) and
the third has a negligible mass. The primaries are represented
by point masses revolving in circular orbits about their com-
mon mass center uninfluenced by the third body. The mo-
tion of this third body is governed by the primaries, and re-
mains in their plane of motion.

In a coordinate system rotating with the primaries, La-
grange (see Refs. 1 and 2) showed that there are five equilib-
rium points; three are colinear with the primaries (Ly, Lo,
and L;) and the other two are at the apexes of two equilateral
triangles (Ls and Lj) whose other vertices are at the primaries.
A linear analysis of the motion around these points shows that
the first three are unstable for all u(u = my/my - ms, my and
ms are the masses of the two primaries). On the other hand.
the linear analysis shows that 1, and Ls unstable if u > fi =
3[1 — 69'/2/9]. Below I, the motion is stable and can be rep-
resented as the superposition of two oscillatory modes with
circular frequencies w; and ws. The value i is referred to as
the critical mass ratio because it separates stable from unstable
triangular points.

Leontovic® proved that L, and Ls are stable in the sense of
Kolmogorov-Arnold-Moser for all 4 < f except on a set of
measure zero. Deprit and Deprit-Bartholome* proved that
the exceptional set contains at most four values of u including
ue = 0.024295 and p; = 0.013516. Markeev® proved in-
stability of Ly and Ls at ps and uz.  The purpose of the pres-
ent paper is to study the stability of motions near L; and Ls;
for all values of u near s using Lie transforms®7 and the
method of multiple scales.8:?

2. Problem Formulation

In the restricted problem of three bodies, two of these bod-
ies have finite masses (m; and my) and revolve around one an-

Received May 15, 1969; revision received March 2, 1970.
The authors appreciate very much the comments of A. Deprit
and J. Breakwell.

* Manager, Mathematical Physics Department.
ATAA.

1 Research Associate, Department of Aeronautics and Astro-
nautics.

Member

other in ecircular orbits with frequency n (n = [G(my +
my)/D?]Y/2, G is the Newtonian gravitational constant and D
is the mean distance between the finite masses). The third
body has an infinitesimal mass and moves in the field of the
finite masses without affecting their motion. To analyze the
motion of the infinitesimal mass, a Cartesian coordinate sys-
tem rotating with the finite masses and centered at their cen-
ter of mass is introduced such that they lie along the Z axis.
If distances and time are made dimensionless using the charae-
teristic length D and characteristic frequency n, the equations
of motion of the infinitesimal mass are?

T — 2= —0V/ox (1a)

5+ 25 = —ov/op (1b)
—V=3@4+§ + 10— w/r+ ur (1c)
rP=@—-2)+ 9 =@ -8+ y  (1d)

where dots denote differentiation with respect to time, & =
—pand & = 1 — u. There are five positions of equilibrium
for the infinitesimal mass. They are given by the equation! 2

vV =0 2)

Three of these equilibrium points (L, Ls, and Ls) lie along the
Z axis and are unstable. The other two points (Ls and Ls)
form equilateral triangles in the -7 plane with the two finite
mass.

To investigate the stability of L, (the same results hold for
Ls), the body is displaced to

=350 —2p) +a, §=3"2+4y 3)

The right-hand sides of Eqs. (1a) and (1b) are expanded in
Taylor series keeping up to third-order terms in z and y.
The resulting equations are

E—2y— 32—y = ot fuo,fm=—Hgf= —Hx

(4a)

G+ 28 — 95— Fy =fut+ fo,fn=
—Hy, for = —Hy (4b)
H, = 33Y2/16)y(x? + y%) + @YY/36)9x(33y? — 72%) (4c)
Hy = st — 3520 — 1350 + Sonay (e — %D (4d)
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where 7 = 3(3)Y/%(1l — 2u)/4, and the subscripts z and y de-
note partial derivatives. These equations are appropriate for
the application of the method of multiple scales, but the cor-
responding Hamiltonian is needed for application of Lie trans-

forms. If the conjugate momenta p, and p, are defined by
Pe =3~y p=ytz (5a)
then the Hamiltonian corresponding to Eq. (4) is
H=H,+ H + H, (5b)
where

Ho = 3(p.* — p» + (yp. — 2py) +
@ — 5y*) — gy (5o)

The equations of motion (4) can be written in terms of H as
T = pr, ZL: = _H:c (6&)
y = pr; Py = —H, (6b)

If the nonlinear terms (H; and H;) are neglected, the solu-
tion of the resulting equations (corresponding to H,) can be
obtained by assuming that z and y are proportional to exp(iwt)
where

0t — w4 2L — 42 = M
The four roots of this equation depend on the value of u.
If0 < pu< @i =31 — 6972/9), the four roots (Fw; and
*ws) are real, and hence the equilibrium of a particle at L, is

stable. On the other hand, if u > f, the equilibrium is un-
stable. In the stable case, the solution can be written in the
formo.11
& (Al/wl) s11131
Y _ (Az/wz) Sint
P | J Aj cosBy (8a)
Dy — A, cosB,
where

Ai = (Zwiai)l”, Bl = wl(t + Bl), Bz = wg(t - 62) (Sb)

0 0
J _ —2k1w1 —2k2w2
- _k1w1(w12 + i) —‘k‘zwz(w22 + %)
ki Fesowom
ki = |11w2/2 + 29% — 45/8| 712 8d)

Here, 8;, By, ai, and «, are the constants of integration.
Substitution of Eq. (8a) into H, leads to

Ho = w1 — Wl (9)

Hence, B; and — B, are the coordinates and the a;’s are the
conjugate momenta of a canonical set.

Since nonlinear terms are neglected, the previous solution is
valid only for very small amplitudes 4; and 4,  Any attempt
to extend the linear solution to larger amplitudes by a straight-
forward perturbation or by iteration will fail near g, us, and us
because of the appearance of secular terms or small divisors.
In these cases, alternative methods such as the method of
multiple scalest.® and Hamiltonian methods with suitable
canonical transformations®.”12 should be used. In this paper,
the method of multiple scales and the recurrence formulas of
Refs. 6 and 7 are used to study the stability of Ls and 1,; when
o =~ Bws {ie., u o~ ps = 3[1 — (71/75%2] = 0.013516}.

3. Method of Multiple Scales

A perturbation solution for finite but small amplitudes is ob-
tained in this section using the method of multiple scales. Ac-
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cording to this method, z and y are assumed to be functions of
two independent time scales, a fast time, Ty = ¢, and a slow
time, Ts = €, where e is a small parameter of the order of the
amplitude of the first-order solution. To third-order terms in
¢,z and y are assumed to possess the following uniformly valid
expansions for all times:

3
z(te) = Y, exa(To,Ts) + 0(eh) (10)
n=1
3
y(tie) = 2_)1 ey (To,T2) + 0(e?) (11)

The time derivative becomes
d/dt = Dy + 2Dy 4 ..., D, = 0/0T, (12)

Substituting Egs. (10) to (12) into Eqgs. (4a) and (4b) ex-
panding and equating coefficients of equal powers of € on both
sides lead to

Order ¢

o

]Wl(%,yl) = Doy — 2D0y1 e %xl — Y = (13)
Mo(zyy) = Doty + 2Dy — may — 350 = 0 (14)

Order ¢2
My(@2,y0) = fuslzi,yo) 15y
Mo(@yye) = falznyy) (16)

Order ¢

Mi(wsys) = fo@yys) + Tofue(@ny) + yofiy @y —
2D0D2x1 —1‘ 2D2y1 (17)

Mo(@a,ys) = foleny) + tafoe(@uy) + vefu@nyn) —
2D0D2y1 _— 2D2221 (18)

where the subscripts @ and y denote partial derivatives.
The general solution to Eqs. (13) and (14) is given by Eq.
(8) if A; and B; are considered functions of the slow time T,

(kl/wl) (@ + %)
— (k/w)n
(kr/wi)n

(kr/wy) (% — w)

(; (k2/)w2) (w + 9

2/ Wy

ey (8c)
— (ko/w2) (§ — »?)

rather than being constants. These arbitrary functions will
be determined in the course of analysis. If A; is small, then
€ can be used only to keep track of the ordering, and will be
set equal to unity in the final solution. Substitution of
Eq. (8) into Eqgs. (15) and (16) yields
M i(22,y2) = @ioAr® + aisdo? + aady? cos2B; +
b¢1A12 sin231 —l— (,1,52‘422 COS2BZ + b—;zAg2 Sin2Bz +
G,igAlAg COS(BZ + Bl) + bi3A41442 Sin(Bz + Bl) +
aid1ds cos(Br — Be) + budid, sin(By — By), (19)
1 =1.2
where the @’s and b’s are given in Appendix A. The solution
of Eq. (19) is
oD = cpAi? + 3422 + cadi? cos2B; +
80412 sin2B; + ¢i24,? c082B; 4 85945 sin2B, +
C-i3A1A2 COS(Bl + Bg) + S,;3A1A2 sin(81 +
Bg) + Cn;4A1Ag COS(B1 _ B2> +
8i4A1A2 sin(Bl - B?) (20)
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where 2, = 2, and 2:® = y,, and the ¢’s and §'s are given in
Appendix B.

In order to avoid lengthy algebraic expressions, the rest of
the analysis is carried out for three specific cases; namely,
po= ps = L[l — (71/75)1/2] ~ 0.013516, u = 0.0015,and u =
0.0125. The analysis is carried out in detail for the former
case, while the results without the analysis are presented for
the other values of u because the analysisisindependent of the
value of u.  These results are used to obtain the solution for
all values of 0.0125 < u < 0.015 in'the form of parabolic func-
tions of (p — us).

A. Case of u3

Setting u = wsin Eg. (8) and Eq. (20), and substituting the
results into Eq. (17) and Eq. (18) yields

2
;Ml(xg,:l/a) = Z (Ph sinB@- -I— Q]_i COSBi) + Rl (21)

t=1

2
17”2(.’173,3/3) = Z (Pgi sinB; + Qgi COSB,‘) + Rz (22)

i=1

where the P’s and §’s are functions of the A’s and B’s and their
derivatives; they are given in Appendix C. The R’s do not
contain terms of the form Si; cosB; and S.; sinB; where S;;
are functions of 75 or 7.

The particular solution of Eqs. (21) and (22) contains secu-
lar terms of the form 7T’ cosB; and T, sinB; which make z; and
ys become unbounded as Ty — «,i.e.,{— . Hence,zzandys
will dominate the lower-order terms, and the expansion will
break down for large ¢ unless the secular terms are eliminated.
The conditions which must be satisfied for there to be no secu-
lar terms in z; and y; are

—QwiQ% ‘l— ‘I]PQ«; = (wi2 + %)Pli (23)
QwiQZi + 7]P2i = (wl2 + %)Qli (24)

7 = 1 and 2. Using the expressions for the P’s and @’s from
Appendix C, and solving the resulting equations for 4;' and
B:' lead to

A" = —6.061 sinyA,? (25)

Ay = —6.061 sinyA,45? (26)

A1’ = 0.1537A4;3 — 3.6264,4.% — 6.389 cosyds® (27)

B = —3.6264,% — 19.17 cosy414. + 2.4894,2 (28)
where

¥ = (B + ) — 17° (29)

Elimination of 8 and 8. from Eqs. (27-29) gives the following
equation for v:

Ay’ = —3.2044.% — 18.18 cosyA*As —
1.0794,4.* — 6.061 cosyAs®  (30)

Integrals of the Motion

The elimination of v from Eqs. (25) and (26), and the solu-
tion of the resulting equation lead to ‘

A12 = A22 + ¢ (31)

where ¢; is an arbitrary constant. Letting z = 6.137 cosy,
and differentiating with respect to T, yield

2’ = —6.061 sinyy’ (32)
From Eqs. (26) and (32) there results
dZ/dAz = ’YI/A 1‘4.22 (33)
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The elimination of v’ between Eqs. (30) and (33) gives

dz 3 . A 4 1
= = o = — 3, —1. Pl 4
ot (Az + AI> 2 3.204 5 — 1.079 - (34)

Since 4,2 = 4,2 4 ¢1, Eq. (34) is a linear differential equation
for zin terms of 4. It has the following integral

A1A.2SZ + 0.82354‘114 + 026971‘124 = Qg (35)

where ¢, is an arbitrary constant. This latter integral corre-
sponds to the Hamiltonian as will be shown in the next section.
In order to specify the motion completely, a third integral is
needed which seems to be available by numerical integra-
tion only.

Periodic Orbits and Their Stability

Before considering long period orbits (L) let us consider
short period orbits (Ls). Equations (25-28) admit stationary
solutions corresponding to Ls (4: = 0 and 4; = a = con-
stant) with a period 7 given by

T = 271'/{,01(1 + 0.1537(12) (36)
From Eq. (30),
v =-—3.294a%T, + 7o 37

where v, is a constant. If a small disturbance 4. and 64,
isintroduced at ¢ = 0, then from Egs. (25) and (26)

1/4, = 1/84, — (1.840/a) (cosy — cosyo) (38)

Then, A4; can be obtained from Eq. (31). Equation (38)
shows that any small disturbance applied to an Lg results in
an aperiodic, though stable, motion. Thus, in this sense, Lg
are unstable.

Long period orbits correspond to stationary solutions of
Eqs. (25, 26, and 30). They are given by the following
equations:

sinyy = 0 (39)
3.2941‘1103 —+ 18.18 COS%)A]OZA% + 1 .079A10A203 +
6.061 COS’Y()Azo:'1 =0 (4())

whose solution is

Yo = nm, nisan integer (41a)
A/ A = —0.1811 cosnm (41b)
The period of any of these orbits is
T = 27 /wx(1 — 0.0728447) (41c)
The stability of these solutions is determined by letting

Ay = A + A4, exp(sTh) (42a)
As = As + AAs exp(sTh) (42b)

v = nw + Ay exp(sTs) (42¢)

Substituting Eq. (42) into Eqs. (25, 26, and 30), expanding for
small Ad;, A4, and Avy, keeping linear terms only, and set-
ting the determinant of the resulting linear equations to zero
give

§2 = 3.537 A" (43)

Since s? is always positive, Ly are unstable for u = us.

B. General Case

Carrying out the analysis for the remaining two values of u
leads to the following equations

4 = —weds? siny 49
Ay = —3wieidi 452 siny (45)
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Fig. 1 Family of long period orbits. 0 008 Al /3%0 or

Alﬁll = 2¢A,® + 62A1A22 — 64A23 Ccosy (46)
62’ = €2A12 + 263A22 —_— 364A1A2 CcOosYy (47)
Y = G'Tz + (01,81 + 3(1)2,82 + ¢, 0O = Wy — 3(.02 (4:8)

where e, = 0.06686, e2 = —3.150, 3 = 1.741, e, = 6.815,
tang = 0.1531 for p = 0.0125, and ¢, = 0.09360, ¢; =
—4.542, 3 = 0.4590, e, = 8.565, tang = —1.1411 for p =
0.015.

The numerical results for p = w3, 0.0125, and 0.015 are
used to express the €’s, tan¢, and the detuning ¢ in the follow-
ing parabolic functions:

e, = 0.07687 + 10.43A + 569.6A2 (492)
ey = —3.626 — 520.3A — 5O580A? (49b)
= 1.244 — 505.5A — 16020 A (49¢)

= 6.389 — 694.2A 4 3.018 X 10°A* (49d)

tang = —0.3050 + 9333A — 1.800 X 105A? (49e)

6= —21.65A 4 179.3A%2 A = u — us (491)
Elimination of 8, and 3. from Eqs. (46-48) gives

Al’y’ = A1¢7 —I" 65A13 —_ 960264A12A2 COsY —f— 36A-1A22 —
wiedAs® cosy  (50a)

e = 26w + 36w <5Ob)
e = exw, + Besws (50c)

Integrals of Motion

Elimination of v between Eqgs. (44) and (45) and solution of
the resulting equation yield

3(:.)2[112 = w1A22 + (2] (51)

where ¢; is an arbitrary constant. This integral does not
provide any bound on A4, and A4, because they may grow indi-
vidually as long as 3w.d1? — wiA4s? is constant. It should be
mentioned that the present second-order theory ceases to be
valid before 4; and A, have grown to very large values, and
higher-order terms need to be included in the analysis. Asin
the case of us, the following second-order integral can be ob-
tained:
30)265

Swoesd1 428 cosy = — crA22 + — A14 -+ —661‘124 + ¢

(52)

where ¢, is another constant of integration. As in the p = y;
case, one more integral is needed to complete the description of
the motion; thisintegral also seems to be available by numeri-
cal integration only.

Fig. 2 Variation of the frequency of long period orbits
with amplitude of the first mode.

Periodic Orbits and Their Stability

Equations (44-47) admit stationary solutions corresponding
to Ly with 42 = 0 and 4, = a whose period is

T :.271'/(,01(1 -+ 281&2) (53)

These periodic orbits are unstable in the sense that if a dis-
turbance 84, and §4; is introduced, then

1 1 3(.02340,
TR P (cosy — cosvyo) (54)
Thus, a slight disturbance in 4, results in an aperiodic, though
stable, motion.

Long period orbits correspond to stationary solutions of
Eqs. (44, 45, and 50). They are solutions of

sinyo = 0 or vy = nrw (55a.)

Ao + e3d10® — wsesdig2As cOSYe + esAiodn® —

wieadsg® cosy, =

0 (55b)

For a given value of u, Eq. (55) shows that L, are given by a
third-order curve (I") in the 41 — A plane. Figure 1 shows
three of these curves in the | A — |A4s| plane for u = 0.0125,
0.013516, and 0.015. The behavior of these curves depends
on the value of u. For values of u > s such as 0.015, T
consists of one branch that intersects the |4y| axis at the ori-
gin only, and as u — us, I' tends to Ly at us. On the other
hand, for values of u < us (negative A and positive detuning
o), I consists of two distinet branches which connect at a

point A, on the Ay axis where
Ay = 3.601(— A)V2(1 + 107.7A) (56)

The variation of Ay with A is shown in Fig. 2. As g — us,

the branch between the origin and Ay collapses while the see-
ond branch tends to Ls at us.

It should be mentioned here that our results are not valid
outside the interval u** < u < p*. If u> u*, Ly terminates
on & short period orbit travelled two times, while if u < p**
Lg¢ terminates on a short period orbit travelled four times.
Deprit and Price’® have shown that 0.01226 < p** <
0.012316. Therefore, the analysis of L4 for the Earth-moon
system escapes the three-to-one model set up by Breakwell
and Pringle'* and Schechter, and should be treated with a
four-to-one model’® because the Earth-moon wp is 0.01215 <
wrE,

These general periodic solutions (L) are described by a
superposition of both normal modes (i.e., Ay = 0 and Ay
0). Perlodlclty is achieved through adjustment of the fre-
quencies of both modes via the nonlinear coupling which
makes them exactly commensurable. The frequencies of the
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Fig. 3 Dependence on A (= p—ps) of the intersection of I' with the |4y axis (T' is the family of long period orbits).

two modes @ and & are given by
& = w(l + Bi) = 3w(l — B) = 3& (67)

The variation of & with Aj is shown in Fig. 3 for p =
0.013516, 0.015, and 0.0125. The figure shows that a slight
nonlinearity adjusts w, to a value & = 3ws. As the ampli-
tude increases, the frequencies of both modes get adjusted to

become commensurable. ' )
The stability of these periodic orbits can be obtained, as in
the case of us, by determining the value of s in Egs. (42) o be

§? = —esAg? cosyolwidwRi/ A + 3waRs) (58)
R1 =0 + 365A102 - 18w264A10A20 CO3%Yo + 66A202 (59&)
R2 = ""90.)26414102 CO8%Yo + 266A10A20 - 20.)164/120 COSYo (59b)

To determine the stability of a periodic orbit, the values of
Aso, Az, and 7y, are substituted into Eq. (58). Then the orbit
is stable or unstable according to whether s? is negative or pos-
itive. Asshown earlier, if uz = u, then s? > 0 for all values of
A and Ag,.  If u 5 us, s? is negative for small | Ay| and posi-
tive for large |A1|. Evaluation of Eq. (58) on T' yields a cut-
off value for |4i| above which long period orbits are un-
stable and below which they are stable. For stable orbits, | A1
must be less than or equal to 0.014(2)¥2 and 0.012(2)1/2 for u
= 0.015 and 0.0125, respectively.

For small amplitudes, long period orbits are ellipses, while
for large amplitudes they become distorted ellipses due to the
influence of the higher harmonics.

Stability of Nonperiodic Motions

To determine the stability of nonperiodic Solutions, let
¢ = wmdsY/ |01| (60a)
A2 = |oi|(§ & 1)/3w (60b)

Elimination of v from Eqgs. (45) and (52), and using Eq. (60)
give

(@1/12w0) ({"/c1e0)* = F*(§) — G*(§) (61a)
F@) = £[{¢ = D] (61b)

G(§) = (01/3wses®) [ (es/12w2) (¢ = 1)2 4
(es/401){? + af/2|ci|] + constant (6le)

where the plus and minus signs in the parentheses correspond
to positive and negative ¢, respectively. The constant in
Eq. (61) is a function of u.

The functions F({) and G({) are shown schematically in
Fig. 4. The reality of the motion requires that F2 > G2
The points where G meet F' correspond to the vanishing of
both A4," and 4,’. A curve such as G, which meets both
branches of F, or meets one branch at two different points,
corresponds to a bounded aperiodic motion. The amplitudes
A; and A, of the two modes of motion correspond to points
below the curve I' in Fig. 1.  On the other hand, a curve such
as (y which meets F' at one point only represents an unbounded
motion, and the amplitudes A; and A, correspond to points -
above I'.  The points P, and P; where G; and Gs touch F rep-
resent equilibrium points (periodic orbits) because the rela-
tionship ' = @' is equivalent to Eqgs. (55); the locus of P,
and P; is the curve I'. A point such as P; corresponds to a
stable periodic orbit, whereas P; correspond to an unstable
periodic orbit.

4. Lie Transforms

The solgtion of the nonlinear problem corresponding to the
Hamiltonian Eq. (5) can be obtained starting from the linear

UNSTABLE

UNSTABLE
EQUILIBRIUM EQUILIBRIUM
POINT POINT

/ A o
F.G| BOUNDED_  +F F.G
MOTION |/ 7/ FOINT -6,
//
6,/6.,%
oy
0 > ¢ o
/
UNBOUNDED
5 &MOTION
3
-F
47438
cl>0 <, <0

Fig. 4 Topology of motion.
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solution using the method of variation of parameters. If a;
and B; are allowed to be functions of time rather than con-
stants, then the form of the solution remains the same as the
linear solution (8). If the linear solution is substituted into
Eq. (5) then a; and f3; satisfy the following Hamilton’s equa-
tions:

&; = —dH/dB;, Bi = (—1)i*dH/da; (62)

Here H contains fast (short period) as well as slowly varying
(long period) terms. Since the interest is in the over-all
broad features of the motion, the long period behavior of o
and 8. need only be investigated. This can be accomplished
by transforming from the canonical set a;, B; corresponding to
H to a new set a;*, B;* corresponding to a slowly varying
Hamiltonian K. The transformation is accomplished by
employing the recursive formulas of Refs. 6 and 7.
It is shown in Refs. 6 and 7 that given a Hamiltonian
H(z,X t;¢) in the form
H@X e = -:L—, Ha@,X,0) (63)

n=0
then one can construct a new Hamiltonian K in the form
0 en
Ky, Ye) = ngo pr Ka(y,Y,0) (64)

where to second-order

K, = H, (65a)

K, = H, — DW./Dt (65b)

K, = Hy + LiH, -+ L,K, — DW,/Dt (65c)
DW,/Dt = dW,/ot — L,H, (65d)

The linear operator L, is called the Lie derivative; it is de-
fined by

Lﬂf = (f;Wn) = fy’WnY - fY'I/Vny (656)

The functions W; and W, are chosen to eliminate the short-
period terms in K; and K.

Taking y = (Bi*,B:*), and ¥ = (a*,c™) gives K; = 0
because H; contains short-period terms only. Then

K =& — &+ 2ad? + 258 + 2esq.® —
desdn 238 cosy  (66)

where v = Bi* — 3B,* + ¢ and @ = w;a;*.
B *and — B»* are canonical,

a* = —Kp*, &% = Kg*

Since a;*, and

: : (67)
B* = Kal*, By* = —K»*

Since 4; = Qwa:)V?, Bi* = wi(t + B1*), Ba* = wu(t — 82%),
Eqs. (67) are identical with Eqs. (44-47). Thus, the results
obtained by Lie transforms are in full agreement with those ob-
tained using the method of multiple scales. The relationship
between the constants ¢; and ¢, of Eqgs. (51) and (52) and the
Hamiltonian K is found to be

es = —3wK — ¢ —~ 62012/4031 (68)

5. Summary

Second-order expansions are presented for the motion of a
particle near L, for 0.0125 < p < 0.015 using the method of
multiple scales®? and the recent recurrence formulas of Refs. 6
and 7. The results obtained by these two methods are in full
agreement with each other.

The linearized analysis'? predicts for the above range of u
stable solutions having two modes of oscillation with ampli-
tude independent frequencies w; and ws (w; = 3ws). Moreover,
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it predicts that stable periodic orbits with either frequency are
possible. On the other hand, the nonlinear theory shows that
periodic orbits have amplitude-dependent frequencies. It
predicts that short periodic orbits are unstable in the sense
that any small disturbance would lead to a new aperiodie,
though bounded, motion.

The family of long period orbits is given by a third-order
algebraic curve I'in the | 45| — |4,| plane. To each value of u
and |4, eorresponds only one value of | 4,], while to each value
of u and A, eorresponds either one or three values of |4,|.
If w = us, I' = Ty is given by the straight line |4,] = 0.181
|Ai|. If u < ps, T consists of two branches that interseet the
|4.] axis at a point | 41| given by Eq. (56). The two branches
form a cusp at this point. As u — us, the branch beyond Ay

tends to I'; while the branch between the origin and Aje
collapses. If u > ps, T consists of only one branch that inter-
sects the | 44| axis at the origin only, and T" tends to s as p —
us. It should be mentioned that the present model, where
long period orbits end by triplication on a short period orbit,
is not valid outside the interval p** < u < up*. Above u*,
long period orbits end by duplication on a short period orbit,
while below u**, long period orbits end by quadruplication on
a short period orbit. The values of u* and u** were pinned
down by Deprit and co-workers.

At w3, Ly and Ls are unstable, and all long periodic orbits
near Ly and Ls are unstable. For each value of 4 ¢ us there
exists a cut-off amplitude |A.| above which long period orbits
are unstable while below which they are stable. For each
value of g, the motion of a particle near L, or Ly is stable or un-
stable depending on whether |A4;| and |4, correspond to a
point below or above T'.

Appendix A

A = h1(w1), Qs = hl(wz), an = h2(w1)
a1 = ]lg(wz) (Al)

31/ kizn
holws) = ——= [14m:* + 9m; — 22(n* F 40:h)] (A2)
48 w;?
m; = wﬁ + % (A?’)
by = hs(w1) s by = hs(w2) (A4)
32 g2
ha(ws) = (9m: — 447%) (A5)
48  w;
3Yz Lk,
13,014 = 1220 [9(7711 + m2) -
48  wiwe
44(n? = 4w, + 28mims)]  (A6)
31/2 Lk
b13,b14 = . [9(7’)120.)1 -+ m1w2) - 4:4((,01 + w?)] (A7)
24 wiwe

Ay = gx(un), Aoz = g1(wz), Aoy = gz(wl), Aag = gz(wg) (AS)

31/2 kv,
gralws) = — — [9m:® — 88n%m; + 27(n® F 4w )]
96 O.)iz
(A9)
b = ga(wr), Dz = gs(ws) (A10)
1/2 . 2
gowd) = 2R s — o7 (A11)
24 Wi
31/2 k k
Qo3 oy = — e [9myms — 44y (m: + me) +
48 W1Ws
27(n? £ dww)] (A12)
1/2
o bas = o g o i) — 2T(n F @)
24 [E)163)))

(A13)
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Appendix B

If b and b5 (¢ = 1 and 2) are taken to be zero, the coeffi-
cients on the right-hand side are given by

o = [2Nboj + mas; — (N + D) ail/o; (B1)
s1; = [nbe; — 2Njae; — (N + Dbys]/ 0 (B2)
e = Imay; — 2\by; — (N + Dass/o; (B3)
825 = [2Navs + by — (AP + Db/ o; (B4)
o, =N+ DN+ D — @\ + 9D (B5)
wherej = 0,1,...,5and
M=X=0, M =2w, A=2w

A = wr + we, M= w; — w (B6)
Appendix C
Py = 7.3624:3 + 108.84;4,* — (28.48 cosy — 104.1
siny)A4.* + 1.5184," + 1.679x,4:6." (C1)
Py = 2.643424, 4+ (15.46 cosy — 69.57 siny)A,4.* +

45 244, 4+ 2.5054," — 5.830w:4.8:" (C2)
Py = —6.5144,% + 81.024, 4,2 + (92.71 cos¥ +
105.7 sing) 4,3 — 1.5294," + 3.561lwn 4.8 (C3)
Py = —9.354A4,24, + (66.24 cosy —
83.63 siny)A4;4.* — 54.414,° — 1.8444," —
9.917wsA5B," (C4)
—10.724,® + 1.4304,4.* + (104.1 cosy +
28.48 siny)As* — 1.6794, + 1.579w: 418" (C5)
Qn = —16.51A4:24, + (69.57 cosy + 15.46 siny) A1 4,2 —
164.44.% — 5.8304," — 2.505w24:8:" (C6)

©
[

Qu = —16.564,% — 126.74:4:2 + (105.7 cosy —
92.71 sing) 4.* — 3.5164," — 1.5920.4:68," (C7)
Qu = —28.514,24, + (83.63 cos¥ + 66.24 siny) A, 4,2 —

2768/123 —_ 9917A2, + 1.84:4:(.02A262’ (08)
')7 = B1 — 3Bz = w161 + 3602B2 = wl(ﬂl + 52) (CQ)

where primes denote differentiation with respect to 7.
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